LIST 9. Vector Spaces. Eigenvalues and Eigenvectors of Matrix.

1. Check if sets V, with addition two elements acV 1 beV and multiplication any
element aeV by a.eK (K — algebraic field) satisfy conditions of vector space:

a) V — set of all two dimensional vectors with integer coefficients with
addition a+b and multiplication a.-a?

b) V —set of all vectors lying on the same straight line with addition a+b and
multiplication a.-a?

c) V —set of all two dimensional vectors lying on the X-axis or Y-axis with
addition a+b and multiplication a-a?

d) V — set of all continuous functions a=f(x), b=g(x), f: [0;1] — R, g: [0;1]
— R with addition f(x)+g(x) and multiplication a.-f(x)?

e) V — set of all functions a=f(x), b=g(x), f R - R", g: R — R" with
addition f(x)-g(x) and multiplication f*(x)?

f) V — set of all even functions a=f(x), b=g(x), with addition f(x)-g(x) and
multiplication o-f(x)?

g) V —set of all square matrices a=[a;j], b=[b;;] dimension nxn, with addition
a+b=[a;j+b;;] and multiplication aa=[o-a;]?

h) V — set of all square non-singular matrices a=[a;], b=[b;;] dimension nxn,
with addition a+b=[a;j]-[b;] and multiplication ala=[a-a;j]?

2. Which of systems of vectors below are linearly independent?
a) wi=(1,0), w,=(0,1) in R%; b) wi=(1,2), w»=(2,4) in R*;
¢) wi=(1,2), w,=(2,2) in R?; d) wi=(,0), wo=(1+i,2) in C.

3. Prove that in R’ vectors (1,2,3), (3,2,1), (4,4,5) are linearly independent.

4. Find such a number « that in R* vectors (1,2,3,1), (0,3,-1,2), (1,0,3,-4), (2,5,a,-1)
are linearly independent.

5. Which systems of vectors vy, v, v3 can be a basis in R*?
a) vi=(1,0,0), vo=(1,1,0), vs=(3,-1,1);
b) vi=(3,1,2), v,=(2,1,2), v3=(-1,2,5);
c) vi=(1,1,0), vo=(0,1,1), v5=(1,2,1).

6. Check if set V; is linear subspace of R® space:
Vi={(x1,X2,%3) €R”: X, +x2+%:>0}.



7. Find the dimension and bases of subspaces:
a) Vlz{(Xl,Xz,X3)€R3I X1+X2+X3:O};
b) sz{(xl,xz,x3)eR3: X1=-2X,, X3=X»};
c) V3={(X1,X2,X3,X4)€R4I X3+x4=0};
d) V4={(x1,x2,x3,x4)eR4: X1 12X5-x4=0, 2x3-X4=01}.

8. Check if w=(2,0,-1) belongs to span(vy,v,). If yes find its coordinates with
respect to this basis.

a) V]Z(I,O,O), V2:(17091); b) V]Z(O,O,l), VZZ(IJIJO)'

9. Calculate eigenvalues and eigenvectors of the matrices:
4 -2 -1 2 -10 2 0 -1 3 -2 2
a)|-1 3 —1f; b)y|-1 2 0f; ¢|1 1 -1|; d)yjo 3 o0].
1 -2 2 I -1 1 -1 0 2 0 2 3



